Estimation of Variance Components for Multi-Phase Sampling
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We consider estimation and variance estimation for two-phase samples. Let the finite population be
of size N, indexed from 1 to N, and let the finite population be partitioned into H strata. Let the
parameter of interest be the population total Y = ∑ i =1 y i , where yi is the study variable and N is
N

assumed to be known. Suppose we have a sample with the set of indices A1 , and observe yi on
every element of the sample, then Yˆ1 = ∑ i∈A wi yi , where wi = [ Pr (i ∈ A1 ) ] −1 , is an unbiased
1

estimator of Y. Instead of directly observing yi for i ∈ A1 , we observe x i = ( x i1 , ..., xiH ) for all
i ∈ A1 where x ih takes the value one if unit i belongs to the h-th stratum and is zero otherwise.
Assume that

∑ h=1
H

xih = 1 . Let n h = ∑ i∈A xih be the number of first phase sample elements in

stratum h and rh = ∑ i∈A

1

2

x ih be the number of second phase sample elements in stratum h, where

the second phase sample is selected by stratified random sampling.
Kim et. al. (2000) write the two-phase stratified estimator as
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for the direct expansion estimator (DEE) and qi = 1 for the reweighted expansion
H

Yˆ2 = ∑

where q i = wi−1

estimator (REE). See Kott and Stukel (1997) for definitions of DEE and REE. For DEE or REE,
the variance of the two-phase estimator can be decomposed as

{

}

Var (Yˆ2 ) = Var (Yˆ1 ) + E Var (Yˆ2 ) | A1 ) .

(2)

Kim et. al. (2000) show that the replication variance estimator
Vˆ(Yˆ2 ) =

L

∑
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ck (Yˆ2(k ) − Yˆ2 ) 2 ,

(3)

where Yˆ2( k ) is the k-th version of Yˆ2 based on the observations included in the k-th replicate, L is
the number of replications, ck is a factor associated with replicate k determined by the replication
method, and
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is a consistent variance estimator for the total variance of Yˆ2 . Also See Rao and Shao (1992).
To estimate the components in (2), note that the second term, the conditional variance term, can
be estimated because the conditional distribution is the distribution generated by stratified random
sampling. Thus, a standard replication method treating the second phase stratified sample as an
original stratified sample can be used to estimate the conditional variance. The difference between
the overall variance estimator of (3) and the conditional variance estimator is a consistent variance
estimator for Var (Yˆ1 ) . The estimator uses only elements of the second phase sample.
The estimation method is being applied at the U.S. Census Bureau to data from the Accuracy and
Coverage Evaluation conducted in conjunction with the U.S. 2000 Census of Population.
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RESUME
Nous considerons l'estimation de la variance pour l'échantillonnage en deux phases, avec
stratification de la deuxieme phase. Nous proposons un estimateur consistant pour la portion de la
variance causée par la deuxieme phase d'échantillonnage.

