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1 Introduction

Consider the problem of estimating the mean vector
θ of a p ≥ 3 dimensional multivariate normal distri-
bution, X ∼ Np(θ, σ2I), where σ2 is assumed to be
known. For the squared error loss function

L(θ, a) =
‖ θ − a ‖2

σ2
,

the maximum likelihood estimator (MLE) θ̂
0

= X has
risk R(θ, θ̂

0
) = p. James and Stein (1961) showed that

the estimator θ̂
1

=
(

1 − (p−2)σ2

‖X‖2

)
X does better than

MLE θ̂
0
. Its risk R(θ, θ̂

1
), which is a function only of

λ = ‖θ‖2

2σ2 , increases from 2 at λ = 0 to the minimax
value p as λ → ∞. Baranchik (1970) proved that,
under squared error loss function, an estimator of the
form

θ̂ =

(
1 − σ2r(‖X‖2

σ2 )
‖ X ‖2

)
X (1)

is minimax under certain conditions. We consider
Bayesian point estimation of a multivariate normal
mean θ under t priors. DasGupta, Ghosh and
Zen(1995) found that if the posterior distribution of
θ is starunimodal about the mode ν, then ν can be
expressed as ν = aX , where ‘a’ is the unique root of

h(a) = a3 − a2 + (β + γ)ay − γy = 0. (2)

Although the closed form of ‘a’ is messy, ‘a’ is a func-
tion of ‖ X ‖2 indeed; therefore, ν = (1 − (1 − a))X,
which is in the form of (1), is employed as an point
estimator of θ in this article.

We first establish sufficient conditions for the mini-
maxity of the posterior mode in section 2. Also, the be-
havior of the function r(·) in (1) for the posterior mode
is discussed in section 2. The results point out that for
any given m, τ2 and σ2, r(·) is nondecreasing in ‖ X ‖2

if p ≤ m( τ2

σ2 − 1); furthermore, r(·) is bounded above
by 2(p− 2) for moderate p. Risk behavior of the pos-
terior mode and comparison with the posterior mean
µ̂(X) are both important issues. Notice that, unlike
the posterior mode, the posterior mean doesn’t have a
closed form expression and needs to be approximated
by numerical methods.

We denote the difference between R(θ, ν) and
R(θ,X) by ∆ν(θ). Then the unique unbiased esti-
mator of ∆ν(θ), denoted by u(X), can be derived in

a closed form. Therefore, u(X) + p can serve as the
unbiased estimator of the risk function of ν. If the
posterior is starunimodal, then ‘a’ is a function of X
through ‖ X ‖2 only. Thus, u(·) can be treated as a
function of ‖ X ‖2. Bounding u(‖ X ‖2) above by 0, it
is found that ν does better than MLE θ̂

0
under certain

conditions; these results are given in section 3. Then
in section 4, dealing with the posterior mean, we find
that not only the posterior mean but also the posterior
mode is tail minimax for all p.

2 Minimaxity of the Posterior

Mode

Let X ∼ Np(θ, σ2I) and θ ∼ t(m,µ, τ2I). We take

σ2 = 1 and µ = 0; if not, all assertions hold with
X−µ

σ
in place of X. Since the posterior mode ν = aX can
be written as [

1 − r(‖ X ‖2)
‖ X ‖2

]
X,

where r(‖ X ‖2) = (1− a) ‖ X ‖2, it is of the form (1).
Baranchik (1970) proved that for p ≥ 3 the conditions

0 ≤ r(‖ X ‖2) ≤ 2(p− 2) (3)

and r(‖ X ‖2) nondecreasing in ‖ X ‖2 (4)

are sufficient that ν be minimax.

Using two Lemmas, we obtain a sufficient condition
for the minimaxity of the posterior mode.
Lemma 1

Let r(‖ X ‖2) =
(
1 − a(‖ X ‖2)

) · ‖ X ‖2, where
a(·) is the unique root of (2). Then r(‖ X ‖2) is non-
decreasing in ‖ X ‖2 if and only if p ≤ m(τ2 − 1).
Lemma 2

If p ≤ m(τ2−1), then (3) holds if and only if m+4 ≤
p.
Theorem 1

For fixed m and τ2, both (3) and (4) hold if and only
if m + 4 ≤ p ≤ m(τ2 − 1).
Corollary 1

For fixed m and τ2, if m + 4 ≤ p ≤ m(τ2 − 1), then
the posterior mode ν is minimax.

Unlike (4), Alam (1973) allowed r(‖ X ‖2) to de-
crease with increasing (‖ X ‖2), though not too quickly.
See Efron and Morris (1976). Condition (4) is relaxed
to the condition that

‖ X ‖p−2 r(‖ X ‖2)
2(p− 2) − r(‖ X ‖2)

is nondecreasing in ‖ X ‖2 .

Further simplification or characterization of the
above condition seems very difficult. Therefore, we di-
rectly proceed to an analysis of the “unbiased estimate
of risk” itself in the next section. However, we will see
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subsequently that (6) has an interesting relation with
the unbiased estimate of risk. In fact, if we treat r(·)
as a function of a, r(a) = (β+γ)a−γ

a2 , then the following
proposition gives the l.u.b. of r(·) directly.
Proposition 1 If β > γ, then r(a) is increasing
on ( γ

β+γ ,
2γ

β+γ ) and decreasing on ( 2γ
β+γ , 1); further,

Max
γ

β+γ <a<1
r(a) = (β+γ)2

4γ .

Let ∆ν(θ) = R(θ, ν) - R(θ,X) be the difference be-
tween the risks of the posterior mode ν and MLE X . In
the following section, we will deal with the unique un-
biased estimator of ∆ν(θ) first, denoted by u(X), and
then derive a sufficient condition for u(X) < 0, ∀ X.

3 Risk Function of the Posterior

Mode and Unbiased Estimate
of Risk

Under squared error loss, the risk function of the
posterior mode is given by

R(θ, ν) = E
(‖ θ − ν ‖2

)
which depends on θ through λ = ‖θ‖2

2 . Stein (1973)
observed that for any absolutely continuous function
h(Xi) with Lebesgue measurable derivative h

′
(Xi) sat-

isfying E|h′
(Xi)| < ∞,

E(Xi − θi)h(Xi) = Eh
′
(Xi). (5)

If δ(X) = X + h(X), to show that δ(X) is better than
X, ∀ θ, we need to show that ∆(θ) = R(θ, δ(X)) −
R(θ,X) < 0, ∀ θ. From (5), we get that

∆(θ) = E

(
p∑

i=1

h2
i (X) + 2

p∑
i=1

∂hi(X)
∂Xi

)
,

if h satisfies the assumptions in Stein’s Identity.
Thus,

u(X) =
p∑

i=1

h2
i (X) + 2

p∑
i=1

∂hi(X)
∂Xi

is an unbiased estimator of ∆(θ), and

u(X) < 0, ∀ X (6)

is a sufficient condition for ∆(θ) < 0 ∀ θ. See Stein
(1973)(1981), Hwang (1982a)(1982b), Hudson (1978)
and Berger (1980) etc.

If we take δ(X) = ν = aX and h(X) = (a − 1)X,
then ν is of the form X + h(X). Since a is a scalar
function depending on X through only ‖ X ‖2, we
have

∑p
i=1 h

2
i (X) = (a− 1) ‖ X ‖2 and

u(X) = (a − 1)2 ‖ X ‖2 +2(a − 1)p + 4 ‖ X ‖2 da

d ‖ X ‖2
, (7)

which is the unbiased estimator of

∆ν(θ) = E(‖ θ − ν ‖2) − p,

provided the expectation of each term in (7) exists.
Note that (7) shows that u(·) depends on X through
‖ X ‖2 only. Also, u(X) + p is the unique unbiased
estimator of the risk of the posterior mode ν. The
uniqueness is due to that ‖ X ‖2 has a non-central
chi-square distribution which is complete. It is obvious
that (6) is a sufficient condition for the minimaxity of
ν. Therefore, the characterization of condition (6) is
our next task.
Theorem 2

If β ≤ γ, then (6) holds if and only if β ≤ 2(p− 2).

Note that the condition that both β ≤ γ and β ≤
2(p − 2) hold is equivalent to m + 4 ≤ p ≤ m(τ2 − 1)
as in Theorem 1.
Theorem 3

If γ < β ≤ 8γ, then (6) holds if (β+γ)2

4γ + 8(γ−β)2

β(8γ−β) <

2(p− 2).

4 Comparison With Posterior
Mean

For p > 1, both posterior mean and posterior mode
are of the form

[
1 − r(‖X‖2)

‖X‖2

]
X . Unlike the posterior

mode, the posterior mean, µ̂(X), needs to be approxi-
mated by numerical methods. It seems necessary that
a comparison between the posterior mean and the pos-
terior mode be made. The plots of the posterior mean
and the posterior mode and a plot of their risk func-
tions could be given to help make a comparison. The
risk functions show that both the posterior mean and
the posterior mode are tail minimax when p = 1. In-
deed, they both are tail minimax for all p. For higher
p, the risk behavior of the posterior mode shows that
if we take m = 1, τ2 = 10 and σ2 = 1, then the pos-
terior mode ν is minimax for moderate values of p.
Moreover, the posterior mode is shrinking more than
posterior mean; this can be a reason why the posterior
mean is not minimax for any p < ∞.
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