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1. Introduction

Proportional hazards regression model has played a pivotal role in survival analysis since

Cox proposed it in 1972. Let T represent survival time and Z its associate covariate vector.

Under the proportional hazards model, the hazard function for T , given a particular value z

for the covariate Z, is defined as

λ{t | z} = λ0(t) exp
{
ψ(βT z)

}
, (1)

where λ0(t) is the unknown baseline hazard function corresponding to z = (0, · · · , 0), and

ψ(0) = 0.

This model assumes that the covariates affect the survival time through a link function

ψ and an index βT z. The link function is assumed to be known in the literature, and the most

popular choice is the identity link function. In reality, the link function is often unknown and

thus needs to be either estimated from the data, or to be validated before a specific form of link

function is applied. The goal of this paper is to fill this gap by estimating both the unknown

link function, ψ, and the unknown parameter, β, simultaneously. The baseline hazards function

can then be estimated afterwards following Breslow’s (1974) procedure.

Previously related works with unknown link functions are restricted to univariate covari-

ate or low dimensional covariates without the index structure. The main difference among

the various approaches is in the smoother employed to estimate the unknown link function.

Tibshirani and Hastie (1987) used local likelihood smoothing technique, and Gentleman and

Crowley (1991) gave another approach to local likelihood estimation. Theoretical properties

of the local likelihood or local partial likelihood estimators for the link function were explored

in Fan, Gijbels and King (1997). Spline smoother based on Penalized partial likelihood was

employed by O’Sullivan (1988, 1993), and subsequently by Gray (1992) to breast cancer data,

while Sleeper and Harrington (1990) employed the regression splines to estimate the unknown



link function. The approach of Fan, Gijbels and King can be easily extended to k-dimension

covariates by estimating a multivariate unknown link function Ψ(x1, · · · , xk). However, as any

nonparametric smoothing procedure, such an approach is subject to the curse of dimensionality.

The dimension reduction model in (1) has the advantage that it can cope with high dimensional

covariates commonly encountered in medical studies, and is more flexible than the conventional

proportional hazards model where a known link function is assumed. Once the link function is

estimated in model (1), it can further be used to guide the choice of a particular link function

or to check the validity of a particular link function such as the identity link function in Cox

proportional hazards model routinely employed by practitioners.

In this paper, a two-step iterative algorithm to estimate the link function and the covari-

ate effects is proposed along with the baseline hazard estimate. The link function is estimated

by a smoothing method based on a local version of partial likelihood. Asymptotic properties of

the estimators are derived for both the parametric covariate effects and the non-parametric es-

timated link function. The approach is illustrated through a liver disease data and simulations.

Both the theory and methods are applicable to censored survival data.

2. Models and Estimation Procedure

Consider the general proportional hazards model (1) with an unknown link function ψ

and a k-dimensional covariate vector Z. Suppose Z is a time-independent covariate and the

p-th order derivative of ψ(βTZ) at point z exists. Let Z1, · · · , Zn be i.i.d. copies of Z. Then,

by Taylor’s expansion, for βTZ in a neighborhood of βT0 z,

ψ(βTZ) ≈ ψ(βT0 z) + ψ
′
(βT0 z)(βTZ − βT0 z) + · · ·+ ψ(p)(βT0 z)

p!
(βTZ − βT0 z)P . (2)

If we let βTZ = {βTZ − βT0 z, · · · , (βTZ − βT0 z)p}T , and

βTZi = {βTZi − βT0 z, · · · , (βTZi − βT0 z)p}T ,

then, locally around βT0 z, ψ(βTZ) can be modeled as

ψ(βTZ) ≈ ψ(βT0 z) + (βTZ)Tγ(βT0 z), (3)

where

γ(βT0 z) = {ψ′(βT0 z), · · · , ψ(p)(βT0 z)/p!}T .

Let K be a kernel function and h be the bandwidth, and define Kh(z) = h−1K(z/h). Let

N be the number of uncensored observed survival times. The local partial likelihood, similar



to the one in Fan et al. (1997), is

ln{β, γ(βT0 z)} =
N∑
j=1

Kh

{
(βTZ(j))− βT0 z

}
·

[
(βTZ(j))

Tγ(βT0 z)−

log

{∑
i∈Rj

exp{(βTZi)
Tγ(βT0 z)}Kh

{
(βTZi)− βT0 z

}}]
, (4)

where Rj is the risk set for the jth observed time.

In order to solve for both β and γ, we propose a two-stage iterative algorithm.

Step 0. Assign an initial value to β and call it β̂[1].

Step 1. Plug β̂[1] into the log local partial likelihood, for a given z, we get

ln{β̂[1], γ{(β̂[1])T z}, z) =
N∑
j=1

Kh

{
(β̂[1])T (Z(j) − z)

}
·

[
[(β̂[1])TZ(j)]

Tγ{(β̂[1])T z}

− log

{∑
i∈Rj

exp{[(β̂[1])TZi]
Tγ{(β̂[1])T z}}Kh

{
(β̂[1])T (Zi − z)

}}]
.

Maximize this likelihood w.r.t γ to get the estimate γ̂[1]{(β̂[1])T z}, and repeat this for all

data points to get γ̂[1]{(β̂[1])TZi}, i = 1, · · · , n.

Step 2. Plug γ̂[1]{(β̂[1])TZi}, i = 1, · · · , n, into the log (global) partial likelihood

ln(β) =
N∑
j=1

[
[βTZ(j)]

T γ̂[1]{(β̂[1])TZ(j)} − log

{∑
i∈Rj

exp
{

[βTZi]
T γ̂[1]{(β̂[1])TZi}

}}]
,

and maximize it w.r.t β to get the estimate β̂[2].

Repeat these two iterated steps 1 and 2, until some convergence criterion is met.

3. Asymptotic Results

Under some regularity conditions, for any
√
n consistent estimator β̂ of true parameter

β0, let ψ̂ be the corresponding estimator for the true link ψ, if h→ 0, nh/ log n→∞, then

sup
|z|≤B

‖ψ̂(β̂T z)− ψ(βT0 z)‖ →p 0 (5)

A possible choice of a
√
n consistent estimator can be found in Chen, Li and Wang (1999).

Let γ̂(β̂T z) be the corresponding estimator for the derivative vector γ0(βT0 z) of the true link ψ,

if nh→∞ and nh2p+3 is bounded, then

√
nh

{
H(γ̂(β̂T z)− γ0(βT0 z))− ψ(p+1)(βT0 z)

(p+ 1)!
A−1bhp+1

}
→D N

{
0,
σ2(βT0 z)

f(βT0 z)
A−1DA−1

}
. (6)



Here ν1 =
∫

uK(u)du, b =
∫
up+1(u − ν1)K(u)du, A =

∫
uuTK(u)du − ν1ν

T
1 , D =∫

K2(u)(u− ν1)⊗2du and σ2(βT0 z) = E{δ|βTZ = βT0 z}−1. If

sup
|z|≤B

‖ψ̂′′(z)− ψ′′(z)‖ →p 0,

then we have
√
n
(
β̂ − β0

)
→D N

(
0,Σ−1(β0)

)
,

where Σ(β0) is positive definite.

4. Simulation Studies

To see how the algorithm works for the proposed model, we did several simulation studied.

We chose a linear link function and a quadratic link function. We use the measure as standard

deviation of the difference between the fitted value ψ̂(·) and the true value of ψ(·) function at

all data point. The results of 100 simulations based on the average value of this measure and

its standard deviation are not reported here.

For the quadratic link function, our method performed much better than using the tra-

ditional Cox model. Even when the true link function is linear which corresponds to the Cox

model, our estimates are still quite efficient.
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