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1. Introduction

Let (Tt)t≥0 be a strongly continuous semigroup of linear operators on a separable Hilbert

space E and (µt)t≥0 a family of probability measures on E. Using the notation Tsµt for the

induced measure µt ◦ T−1
s , we say that (µt)t≥0 is a (Tt)-convolution semigroup if

µt+s = µs ∗ Tsµt, s, t ≥ 0. (1)

Such a family leads to a Markov semigroup (pt)t≥0 of operators, called a (generalized) Mehler

semigroup, given by

ptf(x) =

∫

E

f(Ttx+ y)µt(dy), x ∈ E, f ∈ Bb(E).

This generalization of the Ornstein-Uhlenbeck semigroup was studied in [1], [3]. There is also

an important body of work ([2], [4]) that looks at equation (1) in the context of measure-

valued branching processes.

In [5] it is proved that, if (µt)t≥0 solves (1), then the measures µt are infinitely divisible.

By the Lévy-Khinchine theorem, each solution can be divided into three pieces: µt = δbt∗gt∗jt,
that is, a constant part, a Gaussian part, and a jump part. The Gaussian part gt also solves

(1), however bt and jt are more intimately tied together, and in general do not solve (1)

separately.

2. Continuity

In [5] it is shown that t 7→ gt ∗ jt is continuous, but that the constant part t 7→ bt need

not be. In a forthcoming paper, Schmuland and Sun will show that the map t 7→ gt ∗ jt is, in
fact, absolutely continuous and give an integral representation.



The following example shows that t 7→ bt need not be absolutely continuous, even if it

is continuous.

Example. Let E = L2([0, 2π), dx/2π) and let Tt be the semigroup of shift operators

(t mod 2π). For any f ∈ E set bt = (I − Tt)f so that δbt is a (Tt)-convolution semigroup.

Take the inner product against f to obtain

〈f, bt〉 = ‖f‖2 − 1

2π

∫ 2π

0

f(x− t)f(x) dx = ‖f‖2 −

(

jf̂(0)j2 + 2
∞
∑

n=1

jf̂(n)j2 cos(nt)

)

.

Now let f be the function whose Fourier coefficients are given by

f̂(n) =

{√
2−k if jnj = 2k, k ≥ 1,

0 otherwise.

Then

〈f, bt〉 = 2− 2
∞
∑

k=1

2−k cos(2kt),

which is (up to a constant) Weierstrass’s continuous but nowhere differentiable function.
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[3] Fuhrman, M. and Röckner, M. (2000) Generalized Mehler semigroups: The non-

Gaussian case. Potential Anal., 12, 1–47.

[4] Li, Z.H. (1996) Convolution semigroups associated with measure-valued branching

processes. Chinese Sci. Bull., 41, 276–280.

[5] Schmuland, B. and Sun, W. (2001) On the equation µt+s = µs∗Tsµt. Statist. Probab.

Lett., 52, 183–188.

RESUME

Nous étudions une famille des mesures indéfiniment divisibles qui satisfont une certaine

équation de convolution. Elles s’avèrent absolument continues, excepté la partie constante.


